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Abstract

This note gives a concise, professional treatment of the matrix transpose: formal defini-
tion, a worked example, geometric and notational intuition, entrywise proofs of the standard
transpose identities, and applications in machine learning and data science (including back-
propagation, regularization, and linear models).

1 Definition

Let A € R™*™ be a real matrix with m rows and n columns. The transpose of A, denoted AT
(also A’ in some texts), is the matrix AT € R"*™ defined entrywise by

(AT)ij = Aj;, 1<i<n,1<j<m. (1)
Equivalently, the i-th row of AT is the i-th column of A, and the j-th column of AT is the j-th
row of A.

For a column vector v € R?, the transpose v
used constantly when writing inner products as matrix products.

T is a row vector in R'*4. This convention is

2 Worked example

Let

Then

3 Intuition

The transpose exchanges the roles of rows and columns: it may be visualized as reflecting
the entries across the main diagonal of a square matrix; for rectangular matrices, the shape
(m x n) becomes (n x m). In data science notation, transposition is the standard way to convert
between row-vector and column-vector layouts and to align dimensions in matrix—vector and
matrix—matrix products.



4 Why transposition appears in data science

4.1 Data matrices and layout

A common convention is to represent a tabular dataset as a matrix X whose rows index
observations (samples) and whose columns index variables (features), so X € RN*P for N
samples and p features. Some theoretical formulas assume samples as columns; switching between
conventions is done via X T.

4.2 Inner products and bilinear forms

For column vectors a, b of compatible length, the Euclidean inner product (dot product) can be
written as the 1 x 1 matrix
aTb = Z akbk. (2)
k

Many objectives and kernel-style quantities are expressed compactly using transposes.

4.3 Gram matrix and normal equations

For a design matrix X, the matrix X' X (when defined) is the Gram matriz of the columns of
X. It encodes inner products between feature vectors and arises in the derivation of ordinary
least squares, ridge regression, and related linear models.

4.4 Least squares (context)

The ordinary least-squares solution for linear regression, under standard full-rank assumptions,
is often written using X' X and X Ty. Transposition is therefore central to both the algebraic
structure and efficient numerical implementations.

5 Standard algebraic properties and proofs

Throughout, we use the defining identity (M T) = Mj; for any matrix M. Dimensions are
chosen so that each operation is defined.
5.1 Summary of identities

Let A and B be matrices of compatible sizes and let ¢ € R be a scalar. Then

T

(A7) = (3)
(A+B)T = AT + BT, (4)
(cA)T =cAT, (5)
(AB)T = BTAT. (6)

Identity (6) reverses the order of factors; confusing (AB)T with ATBT is a common mistake in
exams, proofs, and implementations.

5.2 Proof of double transpose (3)

Proof. For any indices i, j in the valid range,
TN ATy _ 4.
((A7)7),; = (A7), = Ayj.

Since all entries agree, (AT)T = A. O



5.3 Proof of transpose of a sum (4)

Proof. Assume A and B are both m x n. For any ¢ € {1,...,n} and j € {1,...,m},

(A+B)T),; = (A+B)ji= A+ Bjy = (A7), + (BT),; = (AT + BT) .

Hence (A + B)T = AT + BT. O

5.4 Proof of scalar multiple (5)

Proof. For A of size m x n and any valid 1, j,

((cA)T),; = (cA)ji = cAji = c(AT),; = (cAT)

Thus (cA)T =cAT. O

5.5 Proof of product reversal (6)

Proof. Let A € R™*" and B € R™P. Then AB € R™*P and BTA" € RP*™ matching (AB)T.
Forie {1,...,p}and j € {1,...,m},

((AB)T)U- = (AB)j; = En: AjiBi.

k=1
Also
(BTAT), =3 (B"),(AT),; = > Bridj = > AjxBui.
k=1 k=1 k=1
The (i, ) entries coincide for all 4,5, so (AB)T = BTAT. O

6 Machine learning and data science applications of these rules

.
Double transpose, (AT> =A

Symmetric matrices satisfy S = ST; examples include sample covariance matrices, kernels that
yield symmetric Gram matrices, and (under appropriate ordering) Hessians of scalar losses. Using
(3) simplifies derivations when a model is written first with row vectors and then with column
vectors.

Transpose of a sum, (4 + B)T = AT + BT

Many objectives are sums of per-sample losses plus regularizers, e.g. J(W) =Y, £;(W) 4+ AR(W).
When linearizing or taking matrix derivatives, gradients of sums are sums of gradients; at the
level of Jacobian or matrix factors, transposes distribute over addition in the same way. Residual
connections and multi-branch networks add forward activations; the transpose rule is the algebraic
counterpart when propagating adjoints or sensitivities backward.

Scalar multiple, (cA)T = cAT

Feature scaling, weight decay strength, and learning rates introduce scalar factors on matrices or
updates. This identity ensures that transposing a scaled weight matrix or gradient is equivalent
to scaling the transpose—consistent with implementations that apply aW or aVW before or
after layout changes.



Product reversal, (AB)T = BTAT

This is central when chaining linear maps. A layer z = Wx contributes to a loss £(z); the
chain rule gives 0L/0x = WT(0L/9z) when dimensions are aligned with column vectors—the
transpose of the forward weight matrix appears in the backward pass. More generally, for
Y = f(AB), matrix calculus repeatedly uses (6) when relating dY" to perturbations in A and B.
Implementations in row-major versus column-major layouts must respect the same order reversal
when expressing dL with respect to factors on the left versus right.

7 Professional note on rigor

All statements above are standard linear algebra over R. Analogous definitions hold for complex
matrices using the conjugate transpose A” (Hermitian transpose) when inner products must be
sesquilinear; for real matrices, A7 = AT.
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